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Let A be an algebra and J ⊂ A an ideal of subsets of a group 〈X,+〉 with an invariant
topology τ . We say that a triple 〈A,J, τ 〉 has the Smital property if, for any set A ∈ A \ J
and any set D dense in τ , the set (A + D)c belongs to J. In the paper we compare this
property and similar ones with the well-known Steinhaus type properties. We consider
several weak and strong versions of Smital properties.
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1. On Steinhaus and Smital properties
1.1. The starting point
We start from two well-known properties of Lebesgue measurable subsets of the real line with a positive measure.
Denote by L the σ -algebra of Lebesgue measurable subsets of the real line R and by N the σ -ideal of Lebesgue null
sets. The classical Steinhaus theorem, published in the ﬁrst volume of Fundamenta Mathematicae [8], says that for any set
A ∈ L \N, the set A − A = {a − b: a,b ∈ A} contains an open interval. This theorem was generalized by many authors, for
example, it is known that if A ∈L\N and B has positive outer Lebesgue measure then the set A− B = {a−b: a ∈ A, b ∈ B}
contains an open interval.
The Smital Lemma (see [6, p. 65]) can be treated as a part of mathematical folklore. It says that for any B ∈ L \N and
any set D dense in the natural topology, the set B + D = {b+d: b ∈ B, d ∈ D} has full measure. The proof of this statement
follows in a natural way from the Lebesgue Density Theorem. Using a measurable hull of a set we obtain that for any set
B of positive outer Lebesgue measure and any set D dense in the natural topology, the set R \ (B + D) has inner Lebesgue
measure zero.
The same results remain true for the σ -algebra B of sets having the Baire property on R and the σ -ideal M of meager
sets (compare [7, Theorem 4.8, p. 21] and [6, Theorem 2, p. 66]).
It is natural to investigate analogous properties for other σ -algebras and σ -ideals or algebras and ideals. We try to deﬁne
and compare them as generally as possible.
1.2. Basic deﬁnitions
Let 〈X,+〉 be a group, let A⊂ P(X) be an algebra and let J⊂A be an ideal in P(X).
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• J-residual if the complement Y c of Y belongs to J;
• 〈A,J〉-semiresidual if Y c does not contain any set from A \ J.
It is clear that:
• Y is J-residual if and only if the complement of Y does not contain any set Y0 /∈ J;
• B is 〈A,J〉-semiresidual iff A ∩ B /∈ J for any set A ∈A \ J.
Suppose now that τ is a topology on X .
Deﬁnition 1.2. We will say that a triple 〈A,J, τ 〉 has:
• The Classic Steinhaus Property (CSP) if for any set A ∈A \ J the set −A + A has an interior point;
• The Steinhaus Property (SP) if for any sets A, B ∈A \ J the set −B + A has an interior point;
• The Extended Steinhaus Property (ESP) if for any set A ∈A \ J and B /∈ J, the set −B + A has an interior point;
• The Smital Property (SmP) if for any set A ∈A \ J and any dense set D , the set A + D is J-residual;
• The Extended Smital Property (ESmP) if, for any set B /∈ J and any dense set D , (B + D) is 〈A,J〉-semiresidual.
Obviously, ESP ⇒ SP and SP ⇒ CSP. If the choice of a topology τ is clear from the context, we will speak about the pair
〈A,J〉 instead of the triple 〈A,J, τ 〉.
Example 1.3. The pair 〈L,N〉 consisting of the σ -algebra of measurable subsets of R (with the natural topology) and the
σ -ideal of null sets has all the properties considered. The same is true for the pair 〈B,M〉 consisting of the σ -algebra of
sets having the Baire property and the σ -ideal of meager sets. It is easy to check that 〈L ∩B,N ∩M〉 possesses CSP and
does not possess SmP.
We will show that, under some natural assumptions, properties SP, ESP, SmP and ESmP are equivalent. Z. Kominek in [5]
has proved the equivalence of SP and SmP for the separable Baire topological group, the σ -algebra of sets measurable with
respect to the measure μ satisfying the condition: for any set A of positive measure there exists a compact set F ⊂ A of positive
measure and for the σ -ideal of μ-null sets. H. Weber and E. Zoli in [10] have proved the equivalence of ESP and ESmP for
a Hausdorff topological group, an invariant σ -ideal J and the σ -algebra ΣJ generated by the σ -algebra of Borel sets and J.
Some kinds of Steinhaus properties for a proper σ -ideal in an Abelian topological group and the σ -algebra ΣJ were also
considered in [3].
The aim of the ﬁrst part of our paper is to study properties deﬁned above in as general a case as possible. Some parts
of our proofs in this section are borrowed from [5] and [10].
1.3. Some remarks on invariance
Properties in Deﬁnition 1.2 are deﬁned for any algebra and ideal consisting of subsets of a (not necessary Abelian) group
〈X,+〉 but, since we consider translations of sets and sets of the form −A, we will need some kind of invariance. We say
that a family F ⊂ P(X) is invariant if, for any set Y ∈ F and any x ∈ X , the set −Y + x = {−y + x: y ∈ Y } belongs to F.
Remark 1.4. A family F is invariant if and only if for all x ∈ X and Y ∈ F the set x− Y = {x− y: y ∈ Y } belongs to F.
Indeed, suppose that F is invariant and ﬁx Y ∈ F and x ∈ X . Let X = −Y and y = −x. Then sets A = −X + y and
B = −A = −A + 0 belong to F. Finally
x− Y = −y + X = −(−X + y) = B ∈ F.
The opposite implication can be proved analogously.
We say that 〈A,J〉 is invariant if A and J are invariant. Observe that invariance of a family F is stronger than the
assumption that x+Y ∈ F for any Y ∈ F and x ∈ X . In fact, a family F is invariant iff it satisﬁes the following two conditions:
(i) for any Y ∈ F, −Y ∈ F;
(ii) for any Y ∈ F and x ∈ X , Y + x ∈ F and x+ Y ∈ F.
However, invariance of a topology τ on X is weaker then the assumption that 〈X,+, τ 〉 is a topological group.
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is a null set. The family T is a topology called the Hashimoto topology (compare [4]) and of course is invariant. But the
difference operator
− : 〈R,T〉 × 〈R,T〉 	 〈x, y〉 
→ x− y ∈ 〈R,T〉
is not continuous. Indeed, the set Qc consisting of all irrational numbers is non-empty and open in T, but – by SP – for any
A, B ∈ T \ {∅} the set A − B contains a non-empty interval.
Usually, authors interested in the Steinhaus or Smital properties work on Abelian topological groups. In the sequel we
will assume some kind of invariance, but in general, the order of the group operations is essential. Therefore we can deﬁne
properties analogous to (1)–(5) by saying that a pair 〈A,J〉 has, for example, property SP∗ if for any sets A, B ∈A \ J, the
set B − A has an interior point.
1.4. Assuming invariance of topology
It is obvious that if a topology τ on X is invariant then for any open set U the set −U is open too. It follows that if a
topology τ is invariant and a set D is dense, then −D is dense too.
From now on we assume that the topology τ is invariant.
First, notice some convenient equivalences.
Remark 1.6. A pair 〈A,J〉 has SmP if and only if for any set A ∈A \ J and any dense set D , the set A − D is J-residual.
Lemma 1.7. For any sets A, B ⊂ X,
(i) int(−B + A) = ∅ iff int(−A + B) = ∅;
(ii) int(A − B) = ∅ iff int(B − A) = ∅.
Lemma 1.8. If int(A) = ∅ and D is dense, then A + D = D + A = X.
Proof. We will show that A + D = X . Fix a point x ∈ X . We can assume that A is open. Since D is dense, (−A + x)∩ D = ∅.
Then there exist d ∈ D and a ∈ A such that d = −a + x. Consequently, x = a + d and x ∈ A + D . 
It is easy to check that the converse is also true:
Lemma 1.9. If for any dense set D the sum A + D is equal to X, then int(A) = ∅.
Proof. Suppose that int(A) = ∅. Then D = Ac is dense and −D is dense too. However, 0 /∈ A − D and A + (−D) =
A − D = X . 
The two previous lemmas give us a kind of characterization (in some sense similar to the Smital property) of sets with
non-empty interior: a set A has an interior point if and only if for any dense set D the sum A + D is equal to X . The Smital
Property claims that if we translate a set A ∈A \ J by a dense set, we obtain a residual set. It seems interesting that if we
translate a set from A \ J by a semiresidual set, we again obtain X , provided that a pair 〈A,J〉 is invariant (in this case,
a topology is redundant). One can see the following easy but useful fact.
Lemma 1.10. Assume that the pair 〈A,J〉 is invariant, A ∈A \ J and B is semiresidual. Then for any x ∈ X we have
(−A + x) ∩ B /∈ J.
This implies, in particular, that A + B = X.
Notice that invariance of 〈A,J〉 is essential. Let x0 and x1 be two real numbers, A = {∅,R, {x0},R \ {x0}} and J = {∅}.
Thus {x0} ∈A \J, {x0, x1} is semiresidual and {x0}+ {x0, x1} =R. Similarly, the assumption on the invariance of the topology
in Lemma 1.8 is essential. In the topology T = {∅,R, {x0}} the set {x0} is open and dense, but {x0} + {x0} =R.
On the other hand, assuming that topology τ is invariant, without any additional assumptions on A and J, we can prove
that the properties ESP, SmP and ESmP are equivalent.
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(1) 〈A,J〉 has ESP;
(2) 〈A,J〉 has SmP;
(3) 〈A,J〉 has ESmP.
Proof. (1) ⇒ (2). Let A ∈ A \ J and D be a dense set. Suppose that a set B = (A + D)c does not belong to J. Then
int(−A + B) = ∅ and, by Lemma 1.8, −D − A + B = X which is impossible, because (A + D) ∩ B = ∅ and 0 /∈ −(A + D) + B .
(2) ⇒ (3). Assume that 〈A,J〉 does not have ESmP. Then there exist a set B /∈ J and a dense set D such that (B + D)c
contains a subset A ∈ A \ J. Let us consider A − D and arbitrary x ∈ A − D . Then, for some a ∈ A and d ∈ D , x = a − d.
Hence a = x+ d does not belong to B + D (because A ⊂ (B + D)c), so x /∈ B and (A − D) ∩ B = ∅. The latter fact means that
B ⊂ (A − D)c . Thus (A − D)c /∈ J and 〈A,J〉 does not have SmP.
(3) ⇒ (1). Let A ∈ A \ J and B /∈ J. Suppose that −B + A has the empty interior. Then D = (−B + A)c is a dense set
and, since 〈A,J〉 has ESmP, B + D is semiresidual. Therefore A ∩ (B + D) = ∅, so there are a ∈ A, b ∈ B and d ∈ D such that
a = b + d. Hence d = −b + a, which is impossible, because D ∩ (−B + A) = ∅. 
It is worth noticing that using exactly the same method as in the proof of (2) ⇒ (3), one can directly prove that (3) ⇒ (2).
1.5. More assumptions
Let F ⊂ P(X). If, for any family G⊂ F, ⋃G ∈ F – we say that F is totally additive or that add(F) > κ for any cardinal κ .
If not, we deﬁne additivity of F by
add(F) = min
{
|G|: G⊂ F and
⋃
G /∈ F
}
.
Let τ be a topology on X . The density of τ is deﬁned as
d(τ ) = min{|D|: D ⊂ X is dense in τ}
and dh(τ ) – the hereditary density of τ , is the minimal cardinal κ such that for any dense set D there is a dense set D0 ⊂ D
with |D0| κ . Obviously
d(τ ) dh(τ ) w(τ ),
where w(τ ) denotes the weight of the topology τ .
Theorem 1.12. Assume that an algebra A is invariant and add(A) > dh(τ ). Then, if 〈A,J〉 has SP, it has also SmP.
Proof. Let D be a dense set in τ . Assume that for some set A ∈A \ J, (A + D)c does not belong to J. Then there exists a
dense set D0 ⊂ D such that |D0| < add(A). Obviously, B = (A + D0)c /∈ J and (A + D0)c ∈A. Hence, by SP, we obtain that
−A + B has a non-empty interior and, by Lemma 1.8, (−D0 − A + B) = X , contrary to (A + D0) ∩ B = ∅. 
Corollary 1.13. If τ and A are invariant and add(A) > dh(τ ) then SP, ESP, SmP and ESmP are equivalent.
Example 1.14. Let C be the ternary Cantor set and A consist of R, C, Cc and ∅. Then, by C − C = [−1,1], the pair 〈A, {∅}〉
has SP, hence CSP. On the other hand, it is obvious that 〈A, {∅}〉 does not have the other considered properties. Thus the
invariance of A in the previous corollary is essential.
Let F be a non-empty family of non-empty sets in X . We deﬁne two families of subsets of X : S(F) – the family of
all A such that for each P ∈ F there is Q ∈ F with either Q ⊂ A ∩ P or Q ⊂ P \ A, and S0(F) – the family of all A
such that for each P ∈ F there is Q ∈ F with Q ⊂ P \ A. It is known that S(F) is an algebra, S0(F) is an ideal in P(X),
and S0(F) ⊂ S(F). (See [1] or [2].) This method of construction of “algebra-ideal” pairs is known as the Marczewski–Burstin
construction. In particular, if F is the family of all perfect sets in a Polish space X , then S(F) is equal to the family of all
Marczewski s-measurable sets and S0(F) is the family of all Marczewski s0-sets [9]. This pair will be used in the next parts
of the paper. (See Example 5.)
The next example shows that the assumption add(A) > dh(τ ) in Theorem 1.12 and Corollary 1.13 is essential.
Example 1.15. Let C denote the ternary Cantor set and let C denote the family of all portions of C, i.e. subsets of C which
are aﬃne to C. Let F be the family of all shifts A + t , A ∈ C, t ∈ R. Then add(S(F)) = ω = dh(τ ), the pair 〈S(F), S0(F)〉 is
invariant and has SP but does not have ESP, SmP and ESmP.
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in P1. If P1 ∩ P2 is nowhere dense in P1, then there is a portion of C with a shift contained in P1 \ P2. Otherwise,
intP1 (P1 ∩ P2) = ∅ and some shift of a portion of C is contained in P1 ∩ P2. Hence F ∈ S(F) \ S0(F). Moreover, every set
A ∈ S(F) \ S0(F) contains a Q ∈ F. Fix A1, A2 ∈ S(F) \ S0(F). There are C1,C2 ∈ C and t1, t2 ∈ R such that Ci + ti ⊂ Ai ,
i = 1,2. By the self-similarity of C, the set C1 − C2 has non-empty interior, so A1 − A2 contains an interval. Thus the pair
〈S(F), S0(F)〉 has SP.
Now consider the set Q of rationals. Observe that the set C \Q contains no set P ∈ F, because C ∩Q = ∅ for each C ∈ C.
(Recall that endpoints of components of R \ C belongs to Q.) Therefore Q /∈ S0(F). The set C − Q is meager in R, thus
it has empty interior, and consequently, the pair 〈S(F), S0(F)〉 does not have ESP. Theorem 1.11 yields that 〈S(F), S0(F)〉
does not have also SmP and ESmP. Finally, observe that the pair 〈S(F), S0(F)〉 is invariant because F is invariant, and
add(S(F)) = ω = dh(τ ), because all singletons belong to S0(F) and Q /∈ S(F). 
Denote by H(A) the family of all hereditary sets of A
H(A) = {A: B ∈A for any B ⊂ A}.
It is clear that H(A) is the biggest ideal of sets contained in A. (Recall that we assume that each ideal J is contained in
H(A).)
Lemma 1.16. For any algebra A, add(H(A)) add(A).
Proof. Let sets A0, A1, . . . , Aξ , . . . for ξ < κ < add(A) belong to H(A). Take the set B ⊂⋃ξ<κ Aξ . Then B =⋃ξ<κ (B ∩ Aξ )
and, for all ξ < κ , B ∩ Aξ ∈A. Hence B ∈A and consequently, ⋃ξ<κ Aξ ∈H(A). 
Theorem 1.17. Assume that A = P(X) is invariant and add(A) > d(τ ). If 〈A,J〉 has SmP then J=H(A).
Proof. Suppose J =H(A), the set D is dense in τ and |D| = d(τ ). Fix a set A ∈H(A) \ J. Since 〈A,J〉 has SmP, (A + D)c ∈
J⊂H(A) and A + D ∈H(A). Hence X ∈H(A), what contradicts the assumption A = P(X). 
Until now we have assumed that J is an ideal in P(X) and that J⊂A, but there is a natural way to spread the deﬁnitions
of our properties to other algebra-ideal pairs.
Deﬁnition 1.18.
• Suppose that J is an ideal in P(X) which is not contained in A. We say that the pair 〈A,J〉 has SP (ESP, SmP, ESmP) if
the pair 〈AJ,J〉, where AJ =A J denotes the algebra generated by A and J, has SP (ESP, SmP, ESmP).
• Assume J is an ideal in A (not in P(X)). Then we say that the pair 〈A,J〉 has SP (ESP, SmP, ESmP) if the pair 〈AĴ, Ĵ〉
has the analogous property. Here Ĵ denotes the ideal in P(X) generated by J.
Notice that in both cases described above we could deﬁne (extended) Steinhaus and Smital properties from the begin-
ning, analogously to those in Deﬁnition 1.2. It is not very hard to see that both approaches are equivalent if we assume that
J has a base in A.
2. Weak forms of Smital properties
Deﬁnition 2.1. The pair 〈A,J〉 of subsets of a group X with an invariant topology τ has:
• The Weaker Smital Property (WSmP), if there exists a dense set D ⊂ X such that |D| = d(X) and A + D is J-residual for
each A ∈A \ J;
• The Weaker Extended Smital Property (WESmP), if there exists a dense set D ⊂ X such that |D| = d(X) and Y + D is
〈A,J〉-semiresidual for each Y /∈ J;
• The Weak Smital Property (W2SmP), if for each A ∈A \ J there exists a dense set D ⊂ X such that |D| = d(X) and A + D
is J-residual;
• The Weak Extended Smital property (W2ESmP), if for each Y ⊂ X , Y /∈ J there exists a dense set D ⊂ X such that |D| =
d(X) and Y + D is 〈A,J〉-semiresidual.
Note that SmP ⇒ WSmP ⇒ W2SmP and ESmP ⇒ WESmP ⇒ W2ESmP.
Theorem 2.2. There exists an invariant pair 〈A,J〉 with W2SmP but without WSmP and without W2ESmP, and there exists an
invariant pair 〈A0,J0〉 with WSmP and with WESmP but without SmP.
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by A. Let A be the algebra generated by all sets Zh + qh, where h ∈ H and q ∈Q, and let J= {∅}. First, observe that 〈A,J〉
is invariant. In fact, it is enough to note that for any h ∈ H , q ∈Q and w ∈R there are p, p′ ∈Q with Zh +qh+ w = Zh + ph
and (Zh + qh)c + w = (Zh + p′h)c .
Now we will observe that 〈A,J〉 has W2SmP. Fix A ∈ A, A = ∅. Then there are vectors h1, . . . ,hn,hn+1, . . . ,hn+m ∈ H
and rationals q1, . . . ,qn+m such that A =⋂in(Zhi + qihi) ∩⋂mi=n+1(Zhi + qihi)c . Note that all the hi , i m, are different.
Let D = LIN({hi: i  n +m}). Then D is countable and dense, and A + D = R. In fact, if w ∈ R then w =∑n+mi=1 pihi + w ′ ,
where pi ∈Q and w ′ ∈ LIN(H \ {hi: i  n +m}). Let w ′′ = w ′ +∑in qihi +∑n+mi=n+1(qi + 1)hi . Then w ′′ ∈ A and w − w ′′ =∑
in(pi − qi)hi +
∑m
i=n+1(pi − qi − 1)hi ∈ D .
Next observe that 〈A,J〉 does not have WSmP. Let D be a countable dense subset of R. Then there is a countable subset
H0 of H with D ⊂ LIN(H0). Fix h ∈ H \ H0. Then D ⊂ Zh , Zh ∈A \ J and Zh + D = Zh =R. Moreover, let Y = {0}. Then Y /∈ J
and Y + D = D , thus Zch ⊂ (Y + D)c and Zch ∈A \ J. Hence 〈A,J〉 does not have the W2ESmP.
Now, let H0 be a countable subset of a Hamel basis H and let A0 be the subalgebra of A generated by all sets Zh + qh,
h ∈ H0 and q ∈ Q, and let J0 = {∅}. Then 〈A0,J0〉 has WSmP. In fact, the set D = LIN(H0) is countable, linear and dense,
and as above one can verify that A + D = R for any A ∈ A0 \ J0. Hence 〈A0,J0〉 has the WSmP. To see that 〈A0,J0〉
has WESmP, ﬁx Y = ∅ and A ∈ A0 \ J0. Let y ∈ Y . Then 0 ∈ (A − y) + D , so (y + D) ∩ A = ∅, and therefore (Y + D)c is
〈A0,J0〉-semiresidual.
To see that 〈A0,J0〉 does not have the SmP, ﬁx different h1,h2 ∈ H0 and set A = Zh1 , D = LIN({h2}). Then A ∈ A0 \ J0
and A + D = A =R. 
Example 2.3. The pair 〈s, s0〉 does not have W2SmP. (See the remark before Example 1.15.) Indeed, for any countable dense
set D and the Cantor set C, the set (C+ D)c is a second category Borel set. Therefore (C+ D)c contains a non-empty perfect
set, and it does not belong to s0. Analogously, the pair 〈s, s0〉 does not have W2ESmP.
Theorem 2.4.
(1) Suppose 〈A,J〉 is invariant and add(A) > d(X). If 〈A,J〉 has WESmP (W2ESmP) then it has also WSmP (W2SmP).
(2) WSmP implies WESmP.
Proof. (1) Assume 〈A,J〉 has WESmP. Let D ⊂ X be a dense set such that |D| = d(X) and Y + D is 〈A,J〉-semiresidual for
every Y /∈ J. Fix A ∈A \ J. Then A + D is 〈A,J〉-semiresidual. Since A + D ∈A, (A + D)c ∈A, so (A + D)c ∈ J. In a similar
fashion one can verify that W2ESmP implies W2SmP.
(2) Assume 〈A,J〉 has WSmP. Then there is a dense set D ⊂ X such that |D| = d(X) and (A + D)c ∈ J for each A ∈A \ J.
We will show that 〈A,J〉 has WESmP with the dense set −D . Indeed, clearly |− D| = |D| = d(X). Suppose that B − D is not
〈A,J〉-semiresidual for some B /∈ J. Then there is A ∈A \ J with A ⊂ (B − D)c , but this means that B ⊂ (A + D)c , contrary
to (A + D)c ∈ J. 
Example 2.5. There exists a pair 〈A,J〉 with W2ESmP but without WESmP.
Proof. Let x0 be a ﬁxed real number, A – the algebra of ﬁnite and co-ﬁnite subsets of R, and J – the ideal of such ﬁnite
subsets of R which do not contain x0. Then for any set B /∈ J there exists a countable dense set D such that x0 ∈ B + D , but
for any countable dense set D there is a countable B such that x0 /∈ B + D . 
Corollary 2.6. The following relationships hold:
SmP WSmP W2SmP
ESmP WESmP W2ESmP
 
 
  
∗ ∗
Here→ denotes implication, and→∗ means that the implication holds under the assumption “〈A,J〉 is invariant and add(A) > d(X)”.
Moreover, no other implication is true.
Problem 2.7. The ideal constructed in Example 2.5 is not invariant. We do not know if W2ESmP, for an invariant pair 〈A,J〉,
implies WESmP.
3. Strong forms of the Smital properties
Let the pair 〈A,J〉 consist of an algebra of subsets of X , and an ideal J. Following [3], for A, B ⊂ X deﬁne
A +J B =
{
z ∈ X: A ∩ (z − B) /∈ J}.
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z ∈ A +J B iff the section of the product A × B by the line y = −x+ z is big in the sense that its projection does not belong
to J.)
Deﬁnition 3.1. We say that:
• 〈A,J〉 has the Strong Smital Property (SSmP) if for every A ∈ A \ J and each dense set D ⊂ X , if D /∈ J then the set
A +J D is J-residual;
• 〈A,J〉 has the Strong Extended Smital Property (SESmP) if for every A /∈ J and dense set D ⊂ X , if D /∈ J then the set
A +J D is 〈A,J〉-semiresidual.
Example 3.2. If J is an invariant ideal on X , J∗ = { J c: J ∈ J}, A = J ∪ J∗ , A ∈ J∗ and D /∈ J, then A +J D = X (i.e.,
A ∩ (x− D) /∈ J for each x ∈ X ), thus 〈A,J〉 has SSmP.
Example 3.3. Let J be the ideal of countable subsets in R and A= J∪ J∗ . The pair 〈A,J〉 does not have SESmP.
Proof. Let H be a Hamel basis of R, which is dense in R. (See e.g. [6, p. 258].) Let A, D be a partition of H into two
sets such that A is uncountable and D is uncountable and dense. Then A /∈ J and |A ∩ (x − D)| 1 for each x ∈ R. Hence
A +J D = ∅, and consequently 〈A,J〉 does not have SESmP. 
Corollary 3.4. There are invariant pairs 〈A,J〉 which have SSmP but not SESmP.
Problem 3.5. Does SESmP imply SSmP?
Theorem 3.6.
(1) If J= {∅} then 〈A,J〉 has SSmP (respectively, SESmP) iff it has SmP (ESmP).
(2) If J does not contain dense sets and a pair 〈A,J〉 has SSmP (SESmP) then it has also SmP (ESmP).
(3) Assume that the pair 〈A,J〉 is invariant and J contains a dense set. If there are A, B ∈A \ J (respectively, A ∈A \ J, B /∈ J) with
(A − B)c /∈ J then 〈A,J〉 does not have SSmP (SESmP).
Proof. Statements (1) and (2) are obvious. To prove (3) ﬁx a dense set D ∈ J. Then the set E = (A − B)c ∪ D is dense and
E /∈ J. Note that if z ∈ −B then A + z ⊂ A − B , so (A + z) ∩ E ⊂ D ∈ J, and therefore z /∈ −A +J E . Hence 〈A,J〉 does not
have the SSmP. The proof for SESmP is analogous. 
We do not know whether or not SSmP implies SmP. However, the answer is clear for topological groups.
Corollary 3.7. Let 〈X, τ 〉 be a non-trivial Hausdorff topological group and 〈A,J〉 an invariant pair such that τ \ {∅} ⊂ A \ J. Then
SSmP for 〈A,J〉 implies SmP.
Proof. If J does not contain dense sets then SSmP implies SmP. (See the statement (2) of the previous theorem.) Assume
that there is a dense set D ∈ J. Let U be an open and a non-dense neighbourhood of zero. Let us take a non-empty open set
W such that W − W ⊂ U . Then int(W − W )c = ∅, thus (W − W )c /∈ J and by Theorem 3.6(3), 〈A,J〉 does not have SSmP
(SESmP). 
Let 〈A,J〉 be an invariant pair on X and D ⊂ X . We say that D is J-dense in X if (U ∩ D) /∈ J for each open non-empty
set U . Note that if τ \ {∅} ⊂A \ J then any 〈A,J〉-semiresidual set is J-dense.
Deﬁnition 3.8. We say that:
• 〈A,J〉 has S2SmP (S2ESmP, respectively) iff for each A ∈ A \ J (Z /∈ J) and for every J-dense set D , the set A +J D is
J-residual (Z +J D is 〈A,J〉-semiresidual);
• 〈A,J〉 has S3SmP (S3ESmP) iff for each A ∈ A \ J (Z /∈ J) and for every 〈A,J〉-semiresidual set D , the set A +J D is
J-residual (Z +J D is 〈A,J〉-semiresidual).
Notice that if τ \ {∅} ⊂A \ J then
SSmP ⇒ S2SmP ⇒ S3SmP
and
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Immediately from Lemma 1.10 we obtain
Remark 3.9. If 〈A,J〉 is invariant then it has S3SmP.
Example 3.10. The pair 〈B,M〉 does not have SSmP but it has S2SmP.
Proof. Theorem 3.6(3) yields easily that 〈B,M〉 does not have SSmP. Now assume that D is M-dense. Fix A ∈B \M. There
is an open interval I such that M = I \ A ∈M, so I \ M ⊂ A. Fix z ∈ R. Then z − D is M-dense, so I ∩ (z − D) /∈M. Hence
A ∩ (z − D) /∈M and z ∈ A +J D . 
Example 3.11. The pair 〈L,N〉 does not have SSmP but it has S2SmP.
Proof. Theorem 3.6(3) implies that 〈L,N〉 does not have SSmP. For A ⊂ R let ϕ∗(A) denote the set of all outer density
points of A. We will write ϕ(A) instead of ϕ∗(A) if A ∈ L. Fix A ∈ L \ N and an N-dense set D . We can assume that
A ⊂ ϕ(A) and D ⊂ ϕ∗(D). The Smital property for 〈L,N〉 implies that A + D ∈ N∗ . We will show that A +N D = A + D .
Fix z ∈ A + D , so z = a + d for some a ∈ A and d ∈ D . Since 0 ∈ ϕ(A − a) ∩ ϕ∗(d − D), we have (A − a) ∩ (d − D) /∈N. But
A ∩ (z − D) = [(A − a) ∩ (d − D)] + a, so A ∩ (z − D) /∈N and consequently, z ∈ A +N D . 
Corollary 3.12. Neither SmP nor S2SmP imply SSmP.
Remark 3.13.
1. If J= {∅} then 〈A,J〉 has S2SmP iff it has SmP.
2. If every dense set is J-dense then S2SmP for 〈A,J〉 implies SmP.
Problem 3.14. Suppose τ \ {∅} ⊂A \ J.
1. Does SmP imply S2SmP?
2. Does S2SmP imply SmP?
Theorem 3.15. Assume 〈A,J〉 is a pair on R such that J contains all singletons and every set A ∈ A \ J contains a perfect set. Then
〈A,J〉 does not have S3ESmP.
Proof. Let Z , D ⊂R be two Bernstein sets such that the set Z ∪ D is linearly independent. (See e.g. [6, p. 258].) Then Z and
D are 〈A,J〉-semiresidual and dense in R. Since Z ∪ D is linearly independent, for every x ∈ Z + D there exists exactly one
pair 〈z,d〉 ∈ Z × D with x = z + d. Therefore |(x− D) ∩ Z | 1 for each x ∈R, thus Z +J D = ∅. 
Corollary 3.16.
1. The pairs 〈L,N〉, 〈B,M〉 and 〈s, s0〉 do not have S3ESmP.
2. If J⊂ P(R) is an invariant ideal such that each set A ∈ J∗ contains a perfect set, then the pair 〈J∗ ∪ J,J〉 does not have S3ESmP.
Remark 3.17. Let A = P(X) and let J be an invariant proper ideal. Then the pair 〈A,J〉 has S3ESmP. This is an easy
consequence of the fact that in this case every 〈A,J〉-semiresidual set is J-residual.
4. Smital properties in product spaces
Assume Bo(R2) is the σ -algebra of Borel sets on the plane, and J is one of the product of σ -ideals M⊗N and N⊗M.
Balcerzak and Kotlicka in [3] have proved that int(A − B) = ∅ for any A, B ∈Bo(R2) \ J.
Now let 〈X1,+〉, 〈X2,+〉 be topological groups with invariant topologies τ1, τ2, respectively, and let 〈A1,J1〉, 〈A2,J2〉
be pairs algebra-ideal in X1, X2. We will consider Smital properties for the product pair 〈A1 ⊗A2,J1 ⊗ J2〉, where A1 ⊗A2
denotes the product algebra of A1 and A2, i.e., the algebra generated by the family of rectangles A1 ×A2, where Ai ∈ Ai
for i = 1,2, and J1 ⊗ J2 is the product ideal, i.e., the family of all sets Z ∈ X1 × X2 such that {x ∈ X1: Ax /∈ J2} ∈ J1. (Here
Ax denotes the x-section of A.) We remark that usually J1 ⊗ J2 is not included in A1 ⊗A2, even if J1 ⊂A1 and J2 ⊂A2.
Thus, if we study Smital properties for a pair 〈A1 ⊗A2,J1 ⊗ J2〉, we consider in fact the extended algebra (A1 ⊗A2)J1⊗J2 .
In this section we will denote this algebra by A and the product ideal J1 ⊗ J2 by J. (Note that 〈A,J〉 is a pair algebra-ideal
in the direct product X1 × X2 with the product topology τ1 × τ2.) Observe that if A ∈ A \ J then there are A1 ∈ A1 \ J1,
A2 ∈A2 \J2 and J ∈ J such that (A1 × A2)\ J ⊂ A. Moreover, we may assume that J ⊂ A1 × A2 and J x ∈ J2 for each x ∈ X1.
The following problem seems to be the most interesting in this study.
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We are unable to solve this problem in general, however we have some partial results.
Theorem 4.2. Suppose J1,J2 ∈ {M,N} and Ai =BoJi for i = 1,2. Then 〈A,J〉 has SmP and ESmP.
Proof. Let J˜ = J1 ⊗˜J2 be the ideal generated by the family J ∩ Bo(R2) and let C = Bo(R2)J˜ . Notice that A1 ⊗ A2 ⊂ C.
By [3], the pair 〈C, J˜〉 has SP. Since J˜ is a σ -ideal, Theorem 1.12 implies that 〈C, J˜〉 has SmP. Fix a dense set D ⊂ R2.
We may assume that D is countable. Fix A ∈ A \ J and Ai ∈ Ai \ Ji , i = 1,2, and J ∈ J with (A1 × A2) \ J ⊂ A. Since
A1 × A2 ∈ C \ J˜, ((A1 × A2) + D)c ∈ J˜ ⊂ J. Moreover, we have A + D ⊃ ((A1 × A2) \ J ) + D ⊃ ((A1 × A2) + D) \ ( J + D).
Since J is a σ -ideal, J + D ∈ J and consequently, (A + D)c ∈ J, i.e., A + D is J-residual. Hence 〈A,J〉 has SmP, and by
Corollary 1.13, it has also ESmP. 
Theorem 4.3. If J2 is invariant, A2 = J2 ∪ J∗2 and 〈A1,J1〉 has the SmP (ESmP) then 〈A1 ⊗A2,J1 ⊗ J2〉 has the SmP (ESmP).
Proof. I. The case of SmP. Fix A ∈A \ J. Then there are A2 ∈A2 \ J2 (i.e., Ac2 ∈ J2), A1 ∈A1 \ J1 and J ∈ J with (A1 × A2) \
J ⊂ A. Moreover, J ⊂ A1 × A2 and J x ∈ J2 for all x ∈ X1. Let D be dense in X1 × X2 and D1 be the projection of D onto X1.
Then D1 is dense in X1, so B = A1 + D1 ∈ J∗1.
Set C = ((A1 × A2) \ J ) + D . We will verify that Cx ∈ J∗2 for x ∈ B . Fix x ∈ B . There exist a ∈ A1 and d = 〈d1,d2〉 ∈ D with
x = a + d1. Notice that (A2 \ Ja) + d2 ⊂ Cx , and since A2 \ Ja ∈ J∗2, we have (Cc)x ∈ J2 for almost all x, hence Cc ∈ J1 ⊗ J2.
II. The case of ESmP. Let D be dense in X1 × X2 and D1 = dom(D) be the projection of D onto X1. Fix C ∈ P(X1 × X2)\J.
We may assume that Cx ∈ J2 for no x ∈ dom(C). Then dom(C) /∈ J1 and therefore dom(C)+ D1 is 〈A1,J1〉-semiresidual. We
verify that C + D is 〈A,J〉-semiresidual. Fix A ∈ A \ J and A2 ∈ A2 \ J2, A1 ∈ A1 \ J1 and J ∈ J with (A1 × A2) \ J ⊂ A,
J ⊂ A1 × A2 and J x ∈ J2 for all x ∈ X1. Since D1 is dense, (dom(C)+ D1)∩ A1 /∈ J1. Fix 〈x1, x2〉 ∈ C and d = 〈d1,d2〉 ∈ D such
that x1 +d1 ∈ A1. Then Cx1 +d2 /∈ J2, so (Cx1 +d2)∩ (A2 \ J x1+d1 ) /∈ J2. Fix y ∈ (Cx1 +d2)∩ (A2 \ J x1+d1 ). Then 〈x1, y−d2〉 ∈ C
and, consequently, 〈x1 + d1, y〉 ∈ A ∩ (C + D). 
Theorem 4.4. Let X1 , X2 have inﬁnite densities.
1. If pairs 〈A1,J1〉 and 〈A2,J2〉 have WSmP (WESmP) then the product 〈A1 ⊗A2,J1 ⊗ J2〉 has WSmP (WESmP).
2. If 〈A1,J1〉 has W2SmP (W2ESmP) and 〈A2,J2〉 has WSmP (WESmP) then the product 〈A1 ⊗ A2,J1 ⊗ J2〉 has W2SmP
(W2ESmP).
Proof. (1A) Assume 〈A1,J1〉 and 〈A2,J2〉 have WSmP. There are sets Di ⊂ Xi , i = 1,2, such that Di is dense in Xi , |Di | =
d(Xi) and (Ai + Di)c ∈ Ji for every Ai ∈ Ai \ Ji . Fix A ∈ A \ J and Ai ∈ Ai \ Ji , i = 1,2, and J ∈ J with (A1 × A2) \ J ⊂ A,
J ⊂ A1 × A2 and J x ∈ J2 for all x ∈ X1. We will show that C = ((A1 × A2) \ J ) + (D1 × D2) is J-residual. Fix x ∈ A1 + D1,
thus x = a1 + d1, where a1 ∈ A1 and d1 ∈ D1. Since Ja1 ∈ J2, Aa1 = A2 \ Ja1 , and (A2 \ Ja1 ) + D2 ⊂ Cx , Cx is J2-residual.
Hence Cx is J2-residual for J1-almost all x, and consequently, C is J-residual. Finally, observe that |D1 × D2| = d(X1 × X2).
(1B) Assume 〈A1,J1〉 and 〈A2,J2〉 have WESmP. There are sets Di ⊂ Xi , i = 1,2, such that Di is dense in Xi , |Di | = d(Xi)
and (Zi +Di)c is 〈Ai,Ji〉-semiresidual for every Zi ∈ P(Xi)\Ji . Fix Z ∈ X1× X2, Z /∈ J. Let C = {x ∈ X1: Zx /∈ J2}. Then C /∈ J1,
so C + D1 is 〈A1,J1〉-semiresidual.
We will verify that Z + D1 × D2 is 〈A,J〉-semiresidual. In fact, ﬁx A ∈ A \ J and Ai ∈ Ai \ Ji , i = 1,2, J ∈ J such that
(A1 × A2) \ J ⊂ A, J ⊂ A1 × A2 and J x ∈ J2 for all x ∈ X1. Since C + D1 is 〈A1,J1〉-semiresidual, (C + D1) ∩ A1 /∈ J1. Let
x ∈ (C + D1)∩ A1. Then x = c +d1, where c ∈ C and d1 ∈ D1. We have Zc /∈ J2, hence Zc + D2 is 〈A2,J2〉-semiresidual. Thus
(Zc + D2)∩ A2 /∈ J2, so (Zc + D2)∩ Ax = ∅. But Zc + D2 = (Z + {d1} × D2)x ⊂ (Z + D1 × D2)x , hence A ∩ (Z + D1 × D2) = ∅.
(2A) Suppose 〈A1,J1〉 has W2SmP and 〈A2,J2〉 has WSmP. There is a set D2 ⊂ X2, such that D2 is dense in X2, |D2| =
d(X2) and (A2 + D2)c ∈ J2 for every A2 ∈A2 \ J2. Fix A ∈A \ J and Ai ∈Ai \ Ji , i = 1,2, and J ∈ J with (A1 × A2) \ J ⊂ A,
J ⊂ A1 × A2 and J x ∈ J2 for all x ∈ X1. There is a dense set D1 ⊂ X1 such that |D1| = d(X1) and (A1 + D1)c ∈ J1. As in the
proof of (1A) one can verify that C = ((A1 × A2) \ J ) + (D1 × D2) is J-residual.
(2B) Suppose 〈A1,J1〉 has W2ESmP and 〈A2,J2〉 has WESmP. The proof that 〈A,J〉 has W2ESmP is analogous to (1B). 
Remark 4.5. Assume J1, J2 are invariant ideals and Ai = J∗i ∪ Ji for i = 1,2. Then A= J∪ J∗ .
Proof. Fix A ∈A \ J, A2 ∈A2 \ J2, A1 ∈A1 \ J1 and J ∈ J with (A1 × A2) \ J ⊂ A. Then Ai = Xi \ J i and J i ∈ Ji for i = 1,2,
thus A = (X1 × X2) \ [( J1 × X2) ∪ (X1 × J2) ∪ J ] is J-residual. 
Corollary 4.6. Assume J1 , J2 are invariant ideals and Ai = J∗i ∪ Ji for i = 1,2. Then the pair 〈A,J〉 has SSmP.
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